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Partial Pivoting for Small Pivots
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Error Mechanism

+ ILL Conditioning (almost singular)
Bad Luck
+ Numerical Stability of Method

ILL Conditioning
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x-1.01y =001

From: A. Sangiovanni-Vincentelli

Error Mechanisms

 Round-off error
— Pivoting helps

* lll conditioning (almost singular)
— Bad luck: property of the matrix

— Pivoting does not help

* Numerical Stability of Method

From: A. Nardi

llI-Conditioning :

Norms

* Norms useful to discuss error in numerical

problems

* Norm| .}/ 9

(1) |x>0 if x=0, xeV
2) o =|e|]| if aeR, xeV
®) frrsf <o+ i xyev
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lll-Conditioning : Vector Norms

,» (Euclidean) norm : Unit circle
I, = {} ||, <1
i= 1
L, norm: 1
Icll, = >, L x|, <1
i=1
L, norm:
||x|| = max | x; Unit square
' x|, <1
(o @]
From: A. Nardi

lII-Conditioning : Matrix Norms

l4x]|
Vector induced norm : ||A|| = max —w/——— — maXHA ||
x=0 x| =1
A 1 =52 = max abs column sum
J n _1

A = max abs row sum

o 1<i<mn =
A 5 = (largest eigenvalue of ATA)!2
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lll-Conditioning : Matrix Norms

* More properties on the matrix norm:
7] =1
48] <[] |]

* Condition Number:

K(A)=]4"]|4]

-It can be shown that: k(A)>1
-Large «(A) means matrix is almost singular (ill-conditioned)
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Perturbation of A due to round off
in GE when solving Ax=b

A>A+0A= x> x+0x
(A+84)(x+8)=b
A+ ASc+ SAx+ A s
Ao+ 0A(x+dx)=0
& =—A"'0A(x + &)
] <l i+ o
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= k(A) large is bad

If matrix is ill-conditioned, then round-off causes
problems
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Perturbationin b

bo>b+obh=x—>x+5x

A(x+x)=b+0b
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Perturbations in both A and b

A= A+0dandb > b+0b = x > x+ox

Let € be the machine precision or resolution
Single precision: ¢ = 108
Double precision: ¢ = 10-16

For any floating point number a, a is its machine
representation and ‘a - 5‘ < ¢la|

[sa]= A - Al < cla]

sb]/= b - b]|< <[]

o= lax[, + [[3x[l, < 2ex(A) [Ix]

Numerical Stability

« Even if the algorithm is perfect we still have
an error in the solution on a computer

* Rounding errors may accumulate and
propagate in a bad algorithm

 For Gaussian elimination the accumulated
error is bounded

(0.1

Growth During Solution
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With Partial Pivoting Circuit Matrices are Sparse
] Example: Line of M Resistors

0.1 | I 0.1 1
1 0.1 1 Reorder 0.1 O 1 %_W_%_W_%_W'é_w_.‘ """""" i w
1 0.1 1 | — 1 0.1 1
I 0.1 1 1 0.1 1
X X
I 1 0.1] ] | 1 0.1 < x x
1 0.1 17 |01 1] X i i . Tridiagonal Case
0 —0.01 0.9 0 1 0.1 1 m X X X
1 0.1 1 Reorder _00l 0 0.9
7 X X X
1 0.1 1 0.1 1 l X X X
1 0.1 1 0.1 L X X
- - - - From: A. Nardi

Sparse Matrices — Structural zero Sparse Matrices — Fill-in

Matrix element that is zero regardless of Structural zero that becomes nonzero during
R, element values factorization

Matrix Non zero structure  Matrix after one LU step

Nodal Matrix A XX A xR
— X X 0
01g i

ymmetric
—| ( | Diagonally Dominant _X 0 X_ | _
_isl_ Fill-in

Structural zeros: No connection between nodes 2 and 3 From: A. Nardi From: A. Nardi




Fill-ins Propagate Fill-in and Reordering

Fill-ins

<_X X X X|

No Fill-ins

e
e
NNOIINNN

Fill-ins from Step 1 result in Fill-ins in step 2 Reordering can reduce fill-in

From: A. Nardi From: A. Nardi

Unfactored Random Matrix Factored Random Matrix
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Pattern of a Filled-in Matrix

Very Sparse

Very Sparse Dense

From: A. Nardi

Exploiting and Maintaining Sparsity

 Criteria for exploiting sparsity:
— Minimum number of ops
— Minimum number of fill-ins

* Pivoting to maintain sparsity: NP-complete
problem — heuristics are used

— Markowitz, Berry, Hsieh and Ghausi, Nakhla and
Singhal and Vlach

— Choice: Markowitz
* Faster
* Pivoting for accuracy may conflict with
pivoting for sparsity
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Fill-in and Reordering

Where can fill-in occur ?

Already Factored
Possible Fill-in

= .
= < x x ’Locatlons
©
T X @ ¢
(/2]

x @ &

Fill-in Estimate = (# NZ in Row -1) (# NZ in Col -1)
Markowitz product
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Example of Fill-ins/Markowitz

Reordering
1 11 1]/ (3 9 6 3]
1 1 0 0|2 3 - -
O 1 1 02 - 3 2 -
01 1 1]3 — 6 4 2
2 4 3 2 Markowitz products

Choose a,, as the pivot




’\—\Te_, bfe.akm/ar G'Ci‘\'eﬂou

NZUR = # of non zRevos A an ufrer'

Momaular Tow u\clu&i] Hre

&)Okaoum\

NZLe =  # non zeros An o lower
\'?f,av\\jv\lar Column mchdAi?
M d«haoua\

Mogkowitz = ) min  (NZUR —-\) (NzLC- l)
2) mon . N ZLe ovod Aivieions 'FDY
mul’fb'F\\ers
Bﬁ'n‘( : D nan %n Cn

2) anox  N2uR
3‘) o NZLCE

Hsie\'\ : \) Row Stvjlehn (Nzve = |)
a) Columun Y (Mzu‘,;:)

3) QZUR, N?LC) = (2,2), (2,3),
(24 @, (3>
4) m\v'\ (NZU&’\) CMZLC"|)
5) anox NzLC
Nak\'\\mi 1) N »F\,n— A:n
2) ™man N2U R
2) i NZLC
™MNA ‘Qb'fmula."lév\ L&XP\D“F"\() Phe mahrix S\ﬂxdufe)
- k Mae.

&

Have o 5»3\&-‘-::“ A OTOW




> excelent o r‘:o'r a Magkowitz 1>wo1—
LMmkowH-z_ Count -_—,o)

However, Aus s\rﬁ\ebm doesn' ¥ exist ow
aéxaaoma\
= pPreordw ,FD-( MNA  Matrices
@ G| @ vl Va, L 1o

& Y

rou.)s;n letous
Swaf sows w3 2v4 I
r l o) @) ®) ‘1
O \ ) O
G. ~G, I o)
-6, G © 'd

SPICE P\vD%ﬁ S-l'mk_aL

) Choose ”Max\couoi‘rz e\emem(f oW\ ThaLn

&C&&om| QA
2) Checle with the \araes\- element n cdumn

‘amw|

I lanl < &, + Grlamg\ r\ejw{’ prvot

PlvToL PIVRE L. ond ao batlk
o~> ’('D $1-(.P 1

-\

o [

51 all elemens on dk‘aaoua[ foul dest,
Se\ect- Fw_ol' oultside_ dxaﬂoua(

.T:{- GMIN 1 veduced e PwroL should also
be. ceducnd




wouk\'rg wi Spavse maln ces

n = LOO0O

looo X 00D lo‘c’ f\wﬂ\bers

— g MB ot storage
Gaussian ciminahou o~ n3 opem’qoms
u>al «Q'lops

Tt we ex \ott s‘?oarsi .
% F —W\e__,n( Nonxzevo teams o} the

ALY\S& rnabtex

Shre ow\7
N MNA okmezss ~ 3 nonzeras/oa
~ 2000 NOW 2XDS
GE- A~ “|-\’. v\\'g 0% 2 k—32k ‘F'Of-;

Ned 4o wotke nocte SParse Mmateix Jechnigues
e do notSZewms (use sxpeu‘al dal'ashuc};)

¢« Avord hravial operahons O%=o, 1A= X
04X=% ., .,

* G.DO.\J \u%]}:j Wafs;

> 9 -

S
7
(o]
-1

{

4 neldd =

|@N—w

A{\ T

\-5 i “\_7
3 N 2
i N A
7 2 N
| 2 >
2 3 2
3 a3 2
-\ 4_ .
L5\ A 3
2. L'q‘! LJ4




%) direchiona\ Threaded Lisk

(=)

Fi

P[] )

[3]— s (e Rp BR8]
g —
2] — = -

In ¢ \anauaaa—
Element = Skruck 2 double  vLalue
ant row

ant Col
be (Elerned) ¥ next InCol

()\"k (Eleweut) ¥ next TnRow

Runchons

Cre_alcE\amwi' LMo:\'rly Qouo Co|>

—creaks and s.?\xus G NRw element w
Matrix
ae\' Element L Modr 1, Qou: C.o\)

—relurn  element N A exists
otherw1s€ calls Cxeak elerment
Creak Filln ( Matnx, Rous, col)
—Cxreales o~ {’Q\l n

Exe)noma@, R ow And Col C(\/\a\wx Qown Qaa')-
Cols, Co|2>




